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Introduction of myself

My name is Shogo Tanimura..
| am a theoretical physicist.

My main concerns are foundation of
guantum theory, dynamical system
theory, application of differential
geometry to physics, and category
theory.

Today’s topic Is a rather primitive
application of category theory to both
classical and quantum physics.
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Plan of this talk

. Review of elementary dimensional

analysis

. Category of physical quantities
. Dimensional analysis Is formulated as

tensor category
Unit system Is a functor

. Unit transformation law i1s a natural

transformation

. Observable algebra in quantum

physics In terms of category



Dimensional analysis

Calculus of physical quantities

3kg + 500g = 3000g + 500g = 3500¢g
Am + 7/0cm =4m + 0./m =4./m
40kg + 8cm =48 ? illegal !

Addition, equality and inequality of
guantities must be homogeneous
with respect to physical dimension.



NONSENSE Sum
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Dimensional analysis

INn physics
[kg] = Mass
[meter] = Length
[sec] = Time

[pressure] = [N/m2] = MLT2L2 = ML-1T2
[mass density] = ML

[pressure]

_________________ = L2T2
[density]

[pressure]

I — | 1T1=
[velocity] = L+ T+ = \/ rdensity



Dimensional analysis
INn physics

Estimation of the sonic speed In air
Relevant parameters:
air pressure =1 atm = 1.013 x 10> N/m?
air density = 1.2kg/m?3

[pressure]

_________________ = L2T2
[density]

pressure

I = 290m/s

' — 1171 |l
[velocity] = LTt = \/ donsity]



Dimensional analysis
INn physics

Physicists feel uneasy with

dimensionally incoherent formula :

E = mc? + %mvz + %mv4

Physicist notice this formula is wrong by
a glance.

Correct formula:

2
E=mc?{1+3(%)" +3(%)" +} =

mc?

J1-®




Dimensional analysis
INn mathematics

Quadratic eqguation and its solution:
ax’+bx+c=0

—b +vVb? — 4ac

2a
Requiring homogeneity of dimensions:

AX? = [ax?] = [bx] = [c]
la] = 4, |b] = AX, [c] = AX?
|-b £Vb? —4ac| AX
|2a] T A

X =

x| = X

Consistent !




Dimensional analysis
INn mathematics

Indefinite integral:
a e
> > dx = tan (—)
a“ + x a

Homogeneity of dimensions is kept.




Dimensional analysis
INn quantum physics

Hamiltonian of harmonic oscillator:

H = —p* + smw°X” + mgx

ﬁ|¢n> — Enl(pn)
mg?*
2w?

E, = ha)(n+%) —

xZ
)e‘m

—_ X
0n(0) = Gryerge
hw
Ax? =
2maw?
Homogeneity of dimensions is kept again.




Question

Dimensional analysis works also In
guantum theory.

However, the standard mathematical
formulations of qguantum theory (Hilbert
space formalism, von Neumann algebra,
C*-algebra) do not concern physical
dimensions of observables.

| would like to formulate quantum theory
In a language that involves physical
dimensions.

12



A Category of Simple
Quantities

e Object: Simple quantity = 1-dim vector
space
— addition
— scalar multiplication by real number

« Arrow: Linear mapping

Velocity Hom(L;T) = LQT”
Time T — L Length, distance

t— [ =vt
v =36 km/h = 10m/s



A Category of Simple
Quantities
« Composition of linear mappings

Velocity t— [ = vt

Time T E) L Length, distance
moyp M 1im Meter | — c=ml

C Cost

v =36 km/h = 10m/s
m = 100yen/300m = yen/m

mov = ?yen/s = 3.33yen/s



A Category of Simple
Quantities

« Hom-set Is also a quantity
V =Hom(T;L) o v,Av,v; + v,
 Dual quantity: T* = Hom(T; R)
— frequency, density
 Multilinear mappings define tensor
products
V*QW* .= Hom(V,W; R) = Hom(V®W; R)

Universality V xXW 5 VW

NvooLalf

v
f VZ



A Category of Simple
Quantities

« The set of all endomorphisms of 1-dim
vector space Is iIsomorphic to real
number field: dimensionless quantity

Hom(L; L) = Hom(T;T) = R
 Unit and Coefficient:
V = Hom(R; V)
u— (E,: A— Au)
kg — (Exg *: 60 — 60kg)
If u+0, E,:R—V iIs Invertible:
0,=(E,) V>R



Higher-Dimensional
Quantities

Object: quantity = finite dimensional
vector space over R
Arrow: linear mapping

simple quantity: pressure
p
area LQL — F force
higher-dim quantity: tension

T
dimS =dimF = 3, area S®S - F force



Higher-Dimensional
Quantities

Multilinear mappings
Vi XV, X XV}, > W
VXV XXV —>W
symmetric bilinear = inner product
antisymmetric = exterior product
orientation = parity, twisted quantity
contraction, trace

&
VXV ->V*"QV
\ | contraction

pairing

R



How to make equivalence
classes of quantities?

When we have transformation laws among
measurable quatities but no general measure

salt by cup

!

sugar by spoon

{

milk by bottle

{

coffee by cup




Abstractization of

Quantities
category of completed category of
bare quantities guantities
salt by cup weight of salt
$ embedding functor $ \_imit
sugar by spoon weight of sugar_
$ $ abstract weight

milk by bottle weight of milk //’ l

{ {

: gravity
coffee by cup weight of coffee




Abstractization of

Quantities
category of category of abstract
bare quantities quantities
forget, abstractize =
salt by cup length area  volume
$ time
sugar by spoon
$ weight velocity
milk by bottle +— _
$ acceleration
force

coffee by cup energy

stage of dimensional analysis



Unit system is a functor,
Unit transformation i1s a natural transformation

category of category of real
abstract quantities number vector
spaces
v = 25 mile/h

mile-hour functor

2 hours — 50 miles
car

(%
time - length unit transformation

%7,200 sec - 80,000 m

v=11.1m/s



Fineness of classification

natural unit functor

fine category of > coarse category of
abstract quantities abstract quantities
mass mass
frequency frequency
E =mc? /E = hv

energy energy
/E =Cp
momentum momentum

length’ length’



How to quantize?
= How to make non-commutative?

« Tensor product of classical quantities

IS symmetric:
XQY =YRX

 In quantum theory, we would like to
Introduce non-commutative products

of observables.

 Algebraic structure must be consistent

with dimensional analysis:
E = ipz + 1mwzx2 + mgx
2m 2



Toward quantization

category of classical
physical quantities

1 T M
L L'=1L"
LORL  MQL
P=MQLRT™

E=MRL*QT >

category of guantum

observables

1

X — X

Px
* = P %

Hom(A *, B %) is

x — [, %

required to be a vector space.




Category of quantum observables

object: asterisk marked by classical quantity
arrow: quantum observable

Each hom-set is a vector space over C.
composition: product of guantum observables

X X
x = [, % x* — [, %
pxox\l lpx pxl lpx
PRL * P+~ PQL »

Dx © X F X © Dy




Algebraic equation of guantum observables

Description of harmonic oscillator hamiltonian

1 2
X X Zmw
x> L*x> L% > MQL*QT %
N u
P+x—> P?2x> M 1QP% «
Dy 1
2m
1 1
H=—p24_ 2,2
Zmpx+2ma) X

* >MQL*QT ~2 *




Representation functor sends objects to
Hilbert spaces and observables to operators

Category of Hilbert spaces with physical-

guantity coefficients .

N\ N\ —_— 2A
X X >mw*1

H - LYY — L2®$5 - M®L2®T_2®$j
5 |
PR - P2®$j - M~ 1®P2®$j
Dy 17

. 1 1
H=—p2 4+ -mw*k*

55 2m 2 >M®L2®T_2®.6




Eigenvector subspace is an equalizer

Category of Hilbert spaces with physical-
guantity coefficients.
Eigenvalue problem: H|p) = ¢|p)

i
L > §) 2 EQS

1




Summary 1/3

. Quantities in classical physics forms
a tensor category.

. A set of Isomophic guantities define
an abstract quantity.

. Functor sends a fine category to a
coarse category of quantities.

. Unit system iIs a functor from
guantities to real values.

. Unit transformation law Is a natural
transformation.



Summary 2/3

6. An observable iIn guantum physics Is
an arrow that multiplies physical
guantity on an object:

X X
* — [, % M*x—-> LM *

/. Hom-set Is a vector space over C.

8. This structure guarantees
homogeneity of physical dimensions
of terms In equations of observables.




Summary 3/3

9. Composition of guantum observables
IS hon-commutative In general.

10. Representation functor sends objects
to Hilbert spaces with physical-
guantity coefficients and arrows to
operators:

$ 5 LOS M$ S LOM®S
11. Spectral values of observable

operators have suitable physical
dimensions.
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Thank you for your attention



	Tensor categorical structure of observables in classical physics
	Introduction of myself
	Plan of this talk
	Dimensional analysis
	NONSENSE Sum
	Dimensional analysis�in physics
	Dimensional analysis�in physics
	Dimensional analysis�in physics
	Dimensional analysis�in mathematics
	Dimensional analysis�in mathematics
	Dimensional analysis�in quantum physics
	Question
	A Category of Simple Quantities
	A Category of Simple Quantities
	A Category of Simple Quantities
	A Category of Simple Quantities
	Higher-Dimensional Quantities
	Higher-Dimensional Quantities
	How to make equivalence classes of quantities?
	Abstractization of Quantities
	Abstractization of Quantities
	Unit system is a functor,�Unit transformation is a natural transformation
	Fineness of classification 
	How to quantize?�= How to make non-commutative?
	Toward quantization
	Category of quantum observables
	Algebraic equation of quantum observables
	Representation functor sends objects to Hilbert spaces and observables to operators
	Eigenvector subspace is an equalizer
	Summary 1/3
	Summary 2/3
	Summary 3/3
	References
	Thank you for your attention

